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Abstract

The Bergman kernel functions with explicit formulas of the generalized Hua domains are obtained. And the holomorphic
automorphism group for each generalized Hua domain is also given.
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Hual'- obtained Bergman kernel functions with
explicit formulas for four types of Cartan domains by
using holomorphic transitive group (this method is
called Hua method). For the two exceptional Cartan

domains Yin!?!

got their Bergman kernels in explicit
forms. For bounded non-symmetric homogeneous do-
mains, the explicit formulas of their Bergman kernel
functions can also be obteined by Hua’s method!>4.
The explicit formulas of the Bergman kernel functions
for “egg” domains can be obtained by summing an in-
finite series in some casest® ™. By now, one can
compute the explicit formulas of Bergman kernel
functions only for the above two types of domains. In
general, it is difficult to get the domain whose

Bergman kernel function can be gotten explicitly.

Since 1999, Yin has introduced four types of
Hua domains. All of their Bergman kernel functions
have been computed explicitly[m]. Recently Yin con-
structed the generalized Hua domains, which can be
written as

GHE { (Ny, ", N,sm, n5p1, ", pr3k)

-

= {w; € N,z € Ryi(m,n): 2 Il z; |l 2,

i=1
< det(I - ZZD* =1, r
GHE]I(NI’ ""NﬁP;Pl"", Pr;k)

’

= jw, €N zZeR(P): D) Ml w, |%
j=1

<det(I - ZZ)*,j = 1,-,rl,
GHE]]I(N19'“’Nr;q;Plf'”’Pr;k)

r

= {w; € N,z e Rp(e): Z Il w; |l 2,

i=1

< det(I+ZZ),j=1,",rl,
GHE(Ny, ", N,sn;p1, ", prsk)

r

= {w; € chi,z € Ry(n): z | | 22

7=1
<A +12Z12-22Z0% 5 =1, r},
=1, ,r. Ry (m,
n), Rp(p), Ryp(q) and Ry (n) denote the four

(1) re.

where w; = (w,q, **, ij:)’ j

types of Cartan domains in the sense of Hua
spectively. ZT denotes the conjugate and transposed
matrix of Z. Ny, -
P2, b, k are positive real numbers.

-, N, are positive integers, pi,

When £ =1, the generalized Hua domains are
the Hua domains.

In this paper, we only give the process of com-
puting the Bergman kernel function for the first type

. o -1
of generalized Hua domain in the case that p, , ',
P, _11 are positive integers and p,, % are positive real

numbers. For the other three types, because the
methods used are the same as for the first type, we
only give the final results here. The four types of the
generalized Hua domains for Ny = N, == N, =1
are denoted by GHE 1, GHE j, GHE  and GHE |y
respectively.

1 Preliminaries

Proposition 111}, (i) ZERT (m,n), 2> -1,

Jm, n(R) = J det (I -2ZZ™)*dZ, then
EHI(m,n)
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IIraa + HIIrG + )
T, n(2) = g H—p—=d .

I +0)
=1

G) zeRp (p), 2> -1, J,,(A)=J

det (I - ZZ)*dZ, then

Ry ()

4
. IIrei+2;-1)
i=2

p(p+1)
]p(A) - T 2 ? P .
T+ o) [T + 1+ p)
=2

v=1

(i) ¢=2, ZERY (@), A> - o, J,(A) =

LR det (I+ZZ)*dZ, then

e
q
TIrea +25 -3)

JJA) = x 2 —i= .
III‘(ZA +1+q-2)
I=

(iv) ZERy(n), B(Z,2)=1+ 122" |* -
22Z%, A> -1, J,(A) = J - [B(Z, Z2)]"dz,

N n
then
r(a+1)
2" 2A+ 2)T(A +n)’

J.(QA)=xn"

Theorem 1. (i) The holomorphic automorphism
group of GHE | includes the following mappings (the
set of such mappings is denoted by Aut(GHE 1)) :

& _k
w; = widet(I - ZyZ,)2#,det(I - 2Z3) "4,
1<j<ir;
Z'=A(Z-Z)(I-2,2)"'D7},

(1)
where ATA = (I - Z,z0)™', D™D = (I -
Zgzo)_l, Zo€ERy(m,n), ZER1 (m, n). This
mapping maps (w, Zy) € GHE 1 onto (w*,0).

(ii) The holomorphic automorphism group of
GHE y includes the following mappings (the set of
such mappings is denoted by Aut(GHE )) :

. — i &
w; = widet(I = Zo Zy)?#;det(I — ZZy) #;,
I1<j<r;

Z" = A(Z - Zy)(I - ZoZ2)"'A7,
whereATA=(I—ZOZ_o)_1, ZoERp(p), Z€
Ry (p). This mapping maps (w, Zy) € GHE | onto
(w?*,0).

(iii) The holomorphic automorphism group of
GHE j includes the following mappings (the set of
such mappings is denoted by Aut(GHE 1)) :

— k — _k
w; = wdet(I + Zy Zy)2t,det(I + ZZy) #,,
I<j<r;
Z' = A(Z - Zy)(I + ZoZ2) A,
where ATA= (1 + 2y Zy)™!, Z,ERy(q), ZE
Ru(g). This mapping maps (w, Zy,) € GHE fj onto
(w™,0).

(iv) The holomorphic automorphism group of
GHE Y includes the following mappings (the set of
such mappings is denoted by Aut(GHE ) ):

w; = wjeﬂng_Pn
1<j<r;
1+2Z 1-27
z" =B“|:Z—( , )X:|D,
2 T2 /-1]7
where
AA’ = (I-XoX,)™', DD =(I-X.X,) !,
Zoe%[\[(”)l Ze%w("),
X0=—_1,—
1-12y2,|*

(ZoZy-1)Zo+ (ZoZy~1)Z,
S22+ 1)Z— V= 1(2yZ, +1) 2,
1+22 1-2Z , 1
B[ M A s Y
2 "2 /-1 0 -1
This mapping maps (w, Zy) € GHEp onto
(w”,0).

Proof. It is well known that Z* = A(Z - Z,)"
(I- Zg Z) 'D!is the holomorphic automorphism
of R (m, 7)) Hence, we can check that

(det(I - Z*Z*T))* - Z | -wj* 122
j=1
= (det(I — ZoZy))* | det(I — ZZT) 172

((det(I = zZTNH* = D) 1w, 172).
j=1
Therefore, the mappings given by (1) are the holo-
morphic automorphisms of GHE 1 .
Theorem 2. (i) Let z; = z;(w, Z) = | w; |?

&
[det(I-2Z")]17#, j=1,2,+,r. Then zy, ", ,
are Aut (GHE 1 )-invariants. i.e z; (w", Z") =
zj(w,2), j=1,2,,r.

(i) Let z; = z; (w, Z) = | w; |*[det (I - Z
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— __k h
Z)] %, j=1,2, -, r. Then z,, -, x, are (21,000 2n) N1
Aut( GHE j )-invariants. F( s + 1t 1)
_ E =1 P xjx 72 IN-1
_ _ 2 = = _10
(;11) Let z; = z;(w, Z) = | w; |*[det(I + Z Gy I‘( l+1) 172 N-1
Z)] %, j =1,2,, r. Then xz,, ***, z, are =1 b

Aut( GHE [ )-invariants.

_k
(iv) Let ;= z;(w, Z) = |wj|2[/3(Z,Z)] ?,,
i=1,2,---,r. Then x4, ", z, are Aut( GHE |y )-in-

variants.

Proof. We know that

* * * * _'k-
zi(w™, Z") =1 w, *[det(I -2 Z"T)],

&
=1 w; 12[det(I ~ ZoZg) 12,

T _2k
ol det(I — ZZ3) 175,
« [det(I - ZoZ;)
o1 det(I - 2Z3) 172

_k
cdet(I — 22T ]2,

_k
=1 wj 1*[det(I — 2ZT) ],
=z;(w,Z). Q.E.D.

Proposition 2[1°). Let P(x) be a polynomial of
degree n in x: P(zx)=ax"+a, 1" '+ +ax
+ag, then P(x) can be rewritten as the following
form:

P(zx) =b,(z +2){x+n-1)(z+1)

+b,a(z+n—-1)(x+1)+ -
+b(x+1) + by

= Zn}bjr‘(x +j+1)/T(z +1),

J
where b, = a,, b= P(~1) and P(— 1) = by,
P(=2)=~b,+by,

P(-j—-1) =(-1) Mlb

INCO RN
+ (= 1)t g(z)bj_l + o+ by,

then we have
. S (DTG + Db
bfZ[P(‘J‘l)‘;] G-k D) 1]/

- [(=1)YTG + 1]
This is the recurrence formula, from &4, 6, -
we can get b,.

9bj—19

Proposition 300 Let

i
N-1

Z | 2,17 <1. Then
t=1

aN—l
h(xyyyan-y) = = <
x( 1s s LN 1) 8231"'8-21\1—1
q,~1 ay 1
> 3y —He)
N = =0 = v 1 S|
1 N-1 (1 — Ewlleql)
=1
1 ZEJTl 1 1 fLJTl
where q; = p_, w; = e% y xh = [z, | % e ,
4

—-n< ¢, =argx; <w, 1IN -1.
2 Bergman kernel function

Let (w*,Z") = f(w, Z) € Aut(GHE 1)
which maps (w, Zy) onto (w*,0). Let K1 (w, Z;
w,Z) be the Bergman kernel function for GHE I-
Due to the well known transformation formula on
Bergman kernel''®), we have K| (w, Z; @, Z) =

—_— ) w-l- 0 2
Ki(w”,0;w",0) |det a(w,Z)) ZU:Z. But
ow” 0
(ﬂw_,z_z) - | ow . Therefore,

oH(w,Z) . YA
oz z,=2
we have
d a{w* Z*)) 2
et
o(w,Z) z,-z
3 aw*) (az*) 2
= det( 5w d o7 2=z

r & _k
[T |det(I — 2o25)22,det(1 - ZZ§) 2, |?

j=1

- det(I — zZT)~(m+m | 2,-2

k., ..k
= der(r — zz7y L)

We will compute the K[ (w*,0;% *,0) in the fol-

lowing. For simplicity, let w denote w ™.

Because GHE 1 is a semi-Reinhardt domain, the
complete orthonormal system of GHE ; consists of

{wPP(Z)1), where j = (j1a i)y 1sdas s
jr= 0’ 1’ ey U= 0’ 1’ ;l = 1’ 2’ sy My My, =
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(mn+v—1)! [v! (mn—-1)1]"1.

By the definition of the Bergman kernel func-
tion, we have

Ki(w,0;w,0)= | w/PU’(0) 12
171220, v=20,1=1,2, -, m

v

Because P(’)(O) =0 when v=21 and m, =1 when
v =0, we have

K (w,0;@,0) = >, | wP$(0) 12,

1710
4 i+ 1
o L
| PY(0) |72 =—2— . =t il+1
i
HPz ( [Z;
+1
P(Jt )
H P

i=1

.ﬂp(kgjl+1 )

(Z) is a polynomial of degree 0,
PO(Z)=P{’(0). wP{(0) belongs to the com-
. Then

12/ P (0) |PdwdZ =1.

Because P (()j )

plete orthonormal system for GHE

| w
J e, 1

Hence |P((){)(O)|_2= f | w|¥dwdZ.
GHE

I

By Proposition 1, we have

¥/
LR - det(I - ZZT)(kE 7 )dZ

GRS

=1 =1 P
Therefore
j _ra+ai)
PR 12 =c A
HP(J[ )
(=1 y )

TIT(kA + )

ﬁl"(kfl + v)ﬁf(k/\ + v)
v=1 v=1

where
HP[ .o
= +1
C = =1 ;A= Ji
7,tmn+r ; Pl
But
Tl T(ka + ©)
v=1
TITG + o) ] T(kA + v)
v=1 v=1
= [(RA+n)(BA +n —1)(kA +1)]
c[(BA +n+1D)(BA +n) (kA +2)]

c[(RA+n+m—-1)kA+n+m—2)
- (kA + m)]
is a polynomial of degree mn in A and denoted by
f1:(A). According to Proposition 2, there exist mn

+1 constants b;(k),j=0,1,, mn, such that

m+n

TIr¢er + v)
v=1

ﬁP(kfl + v)ﬁl‘(kfl + v)
221 251

m+n + 1
Hr( ptl
=1 y o

NA+v+1)
Zb(k) r(A+1) °

where bo(k) = flk( 1), the other b;(k) are deter-
mined by the following recurrence formula:
N by () (= 1T + 1)

b(k)_flk(—j_l)_vZ;J TG -v+1)
4 B (- 1)’P(J +1) ’
=1,2,,mn.
So
| Zb (k)r( +1
| P$(0) 12 = C - (1 )
Therefore, we have
Ki(w,0;w,0)
+
- bv(k)I‘( L R 1)
_ C I=1 b
1j1220v=0 ]:[F nt 1
I=1 o
| wy [P |, [P
o = 1w, |
v=0 j’_=0 1-\( r -
b
-1 .
I‘( prl gl oy
. Z I=1 Pl r
r—1
<j1"'jrv1) P 1 + 1)
H b
)y [P |,y 1P,

1
Let s=p+1+7%"
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r-1
obvious that Y |z, 1" <1 when Z =0. It follows
=1

from Proposition 3 that

KI(w,O;w’O)
mn o« Ij'
= Cg b,,(k)J;hs(xl,zz."-,1,-1) F(—]'Jr—q
pf
q. -1
B ar—l 1
- CZb (k) ox,19xy"" 81,_1v1=0
917! » I‘( 1+ v+ jr;— 1) . Ii'
) 2=02=0 ~ : 1,1+ +1’-+—1
e F( » ) (I—waqt) %
ZEJ_
where ql='p_, w;=el , I<I<r - 1. Because
j
i, +1
P( 1+0+2 )
;.
ir 1)
F(\ 2
i, +1 i+ 1
=(]———+v)(] +v—1)
Pr Pr
, (]_+_1 N 1) (]_+_1
b b

1 ,.
v+1(]r + 1 + Pr'v)
s G+l p (v 1))
cGr 14 )G, + 1)
is a polynomial of degree v + 1 in j,. According to

Proposition 2, there exist v + 2 constants ¢,;, j =0,

r

j,+1)
1+v+
S
jr+1)
Py

1,-, v+ 1 such that g1, (j,): =
r

and c¢,0=0, the other ¢, are

determined by the following recurrence formula:
-1 [y
iy cg(-1)T(G +1)
g1 1—1)_;, TG-1+1)
Co (- 1)T( +1) ’
j=12,,v+1. 2)

Therefore, let
z,

t = = 1- (3)
r 1
v pr
( 1- ;“’z[xzq’)
Then, we have (it is similar to that described in Ref.

(10l

897
1"( 1+ + It 1) j
i pr z,
-J,.=0 j___’ +1 1 1+1;+1L1
s (1- 50 wul
=1
r-1 v 1 _(v+1+pl) [ }
:(1—214)1’11‘1[) T ZC'"J (1 )J+1'
Let w become w*, we have
KI(wi90;w*)0)
o b (k)
oE bW
=i 0x,0x3 0z, 1
S sl 0 7o
' = v =0in r-1 o 1 1+v+l
R R PR S I

ql—l qr—l_1 mn v+l

= C—ar_l—z > zzbv(k)cvj

ax1812 81,_1

v1=0 'ur_1=0'u=0 ji=1
r-1 1 1+-u+'L

(I—waqt) b

_k
where z,= | w, 2= | w;|*det(I — ZZT) #, 1<U<

xS
r, lepln w; = e¥ , I1I<<r -1, t is deter-
!
mined by (3).
& —
KI(w)Z;wyZ)

m+tn 3 k’

Ki(w",0;@",0)det(I - ZZT)'( ey
_arl__ql'l 917l mn w1

e N VP IPY

ox,-1 v=0 u_=0v=0 ;=1

m+n+ &
TG+ 1)b, (k) cydet(T ~ ZT)_( ,Z.:P,)

1, 1+0+d
( t)(]+1)(1 _ Zwlx )1+ +

1

I

b,

If we consider w; of GHE | as w; = (wjy, ",

ijj)y j=1)2)

tion''®), the Bergman kernel function on GHE |

(Nln N2) By Nr;m_)n;Plyp21 Tt Pr;k) iS:
KGI(wyZ;w,Z)

r

HPI

=1

, r, by using the principle of infla-

N +N+=+N_ +N |

Q
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by (k)cydet(] - 2Z7)" ("”Eﬁk{‘v‘)

r-1 1 '(H-l+'L

v )
(1_ szlxzq’) ’
=1

where | w; %= |w11|2+

sl 12 021,00
x;, t etc. as before.
Similarly, we can get the Bergman kernel func-

tions with explicit formulas for the other three types
of the generalized Hua domains in the following.

The Bergman kernel function of the generalized
Hua domain of the second type GHE  ( Ny, N3, -,

Nr'»P3P1,P2,"',_Pr;k) is
Kei(w,Z;w,Z)
=1Pz R
= r N,. N N -1
n(ﬂ%_nﬂ:,Nt) arl or 22 .or rla
mu.)
-1 -1 +
DI I R Tl
1;1—0 vy =0 »= t)l+1

+1+ N,
bk )eyder] = 2Z) [ ‘?m)

_L b
v+1+
(1~ wa‘”) ”
where |w; |2 = | w; |2+ +|wlN[|»Iz:|wzl2
k 1 Vs

w; =el , 1

det(1-22) 2, 1ISUSrs =,

[

U r — 15 ¢t is determined by (3). ¢, 0<v<<

p(pt1)
2

, 1<{j<Cv +1 are determined by (2). Let

H(k/l + v)HI‘(ZkA +1+p)
ka(A) ? ’
HI‘(Zk/\ +2j-1)

then bo(k) =f2k( 1)’

25 b, (B)(—1)°T(j + 1)

b(k)—ka(—j_l)_vZ;) P(j_'0+1)
T (- 1)TG +1) ’
J = 1’2) ."‘ﬂ_%lz'

The Bergman kernel function of the generalized
Hua domain of the third type GHE ( Ny, N3, -,
Nr;q;Pl’ P2y Pr;k) is

KG]H(w’Z;'LTJ’E)

r BN,
bi(k)cydet(I + ZZ) (q “Em)

?

r-l v 1 v+1+'L
(1_ ;wllxlq[)
where |wll2= |w11|2+ -+ ‘sz,|2; x; = |wll2
— _k & s
det(I+Z2Z) 7, 1<I<r; ql=’%, w=eu” 11
1
<I<r —1; t is determined by (3). ¢, 0<v<<

gﬁ_qa‘_ll, 1<{j<<v + 1 are determined by (2). Let
q
TIT@rA + 1+ q-2)

fa(A) = % ,
Hr(w +2j -3)

then bo(k)zf:;k( - lj)=»

. Y b, (R)(- )T + 1)
b(k)_fsk(—]—l)—;;) TG -v+1)
AN (- 1)TG +1) ’

j = 1’2"“’_(11%—_12.

The Bergman kernel function of the generalized
Hua domain of the fourth type GHEy ( Ny, N3, ==,
N,snspis pas s Pr;k) 1s

Koy (w,Z;®,2)

l]:];?l
(n+=2Nl) azN'azfz---a oz,
%~ 1 n v+l

+1
DI PP

=0 v _, =0v=0 j= t)

r AN,
55

1 ’

r

N1+N ++N +N -1
a 2 r-1

N -1

T

by(k)c L@(z Z)]‘(
(1 _ Ew Iql)'v+1+

where |w1|2= | w,llz

WIN s L= lwy |
Ly %5 = L

P
1’ wl_eq[ﬂ 1<
2]

0<v<n, 1

i
[8(Z,2)]) &, II<r; ¢ =

I<r—1; t is determined by (3). c,,
<j<Cv +1 are determined by (2). Let

_ 277M(2RA + n)T(RA + n)
) : (kA + 1)
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then bo(k) = fur(~1),
far(—=7-1) - E b, (RY(—1)T( + 1)

— I'G-v+1)
— v=0
(k) = (-1TG +1) ’
j=12,-,n.

Remark. When £ =1, the results here are the
same as the known results in Ref. [10].
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